A design procedure is described to determine the thicknesses of single-layer coatings of a given dielectric on a given metallic substrate so that a specified net phase retardance (and/or a net relative amplitude attenuation) between the p and s polarizations is achieved after three reflections from a symmetrical arrangement of three mirrors that maintain collinearity of the input and output beams. Examples are presented of halfwave and quarterwave retarders (HWR and QWR) that use a ZnS-Ag film-substrate system at the C0 2 -laser wavelength X = 10.6 Aim. The equal net reflectances for the p and s polarizations are computed and found to be high (above 90%) for most designs. Sensitivity of the designs (deviation of the magnitude and phase of the ratio of net complex p and s reflection coefficients from design specifications) to small filmthickness and angle-of-incidence errors is examined, and useful operation over a small wavelength range (10-11 gim) is demonstrated.
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Introduction
An external reflection retarder is a device that introduces a relative phase shift between the parallel p and perpendicular s polarization components of incident monochromatic light without affecting their relative amplitudes. ' The design of such single-reflection retarders using optically isotropic film-substrate systems has been amply described and applied. 2 -7 Single-reflection multilayer-coated retarders have also been reported. 8' 0 In this paper we describe the design of three-reflection film-substrate retarders that maintain collinearity of the input and output beams (Fig. 1 ). In such systems, the individual reflections are not retarding, but the combined net effect of all three reflections produces the desired differential phase shift and equal amplitude attenuation for the p and s polarizations. The method is applied to halfwave and quarterwave retarders (HWR and QWR) that use ZnS-Ag (film-substrate) mirrors at the C0 2 -laser wavelength X = 10.6 jum. The sensitivity of these designs to small film-thickness and angle-of-incidence errors is examined, and useful operation over a small wavelength range (10-11 /um) is demonstrated.
Design Procedure
We consider a symmetrical three-mirror system ( Fig.  1 ), where the angles of incidence ki, 02, and 03 are in- (1) (2) Equation (2) shows that 01 must be >450. We assume an air (or vacuum) ambient of refractive index No = 1, a transparent film of refractive index N 1 , and an absorbing metallic substrate of complex refractive index N 2 for each and all mirrors.
The change of polarization on single reflection from an optically isotropic surface is completely determined by the ratio of complex reflection coefficients, p = Rp/R 8 , (3) of the parallel p and perpendicular s polarizations. For light of wavelength X, incident at an angle from a transparent ambient onto a metallic substrate coated by a dielectric film of thickness d, the p and s reflection coefficients are given byll rol, + rl2^ exp(-j27r~) 1 + roilr 2 , exp (-j27rg) rov and r12, are the ambient-film and film-substrate is the film-thickness period. From Eqs. (3) and (4) we see that p is a function of 0 and A:
The initial vector is assumed to be sufficiently close to the correct solution to justify a linear two-term Tay We require that all mirrors be made of the same metallic substrate coated by a transparent thin film of the same dielectric material and of the same thickness t, for mirrors Ml and M 3 but of a different thickness 2 for mirror M 2 . Then we follow a procedure that parallels that described previously by Azzam and Khan.12 The net effect of three reflections is given by the product
The ratio of net complex p and s reflection coefficients can be written
where
are the net relative amplitude attenuation and the difference between the net phase shifts experienced by the p and s polarization components, respectively. For a given p the following equation must be solved for 1, A2:
f(02,S2) = g(01,vi), (11) where
Equation (11) can be solved for given 01 and 02 using the Newton-Raphson iteration method 1 3 on a digital computer. Equation (11) is broken into its real and imaginary parts:
We look for solutions t1,A2 of Eqs. (13) in the reduced thickness range:
An arbitrary initial trial solution (2) is assumed that will be incremented by (I,A 2 ) to move closer to the correct solution. The new vector ( + At,2 + L\ 2 ) is then required to satisfy Eqs. (13):
The two linear algebraic equations (17) are solved for /\D1,/\A2 The new vector (I + AP,2 + A 2 ) is determined and used as the improved initial vector for the next round of iteration. This process is repeated until the changes of A\,,A2 between iteration steps both fall below , at which point the solution is considered reached. As a check, the final solution vector (1,2) is substituted into the right-hand side of Eq. (8), and p, is verified to be the desired pn The design procedure is general and can be applied at any wavelength to any film-substrate system and for any desired net ratio of complex reflection coefficients pn However, for any given combination of parameters and angle of incidence s,, no solution, one solution, or multiple solutions may exist. Thus it was necessary to plot, in the complex plane, the closed contours of P2 and p/p2 at given 01 (as ¢, and ~2 vary from 0 to 1) to verify the number of solutions (points of intersection) before doing the actual iteration.
We have found the above-described Newton-Raphson method to be adequate and that it converges after a reasonable number of iterations (usually <40), when an initial vector sufficiently close to the solution vector is chosen. All multiple solutions could be found by beginning iteration from different initial vectors. The net intensity reflectances of the three-mirror system can be calculated from Eq. (4) as Rm = IR,, 1 l this paper, we consider only pure retarders, i.e., p = 
High values of J? 6 n are achieved when the substrate is metallic.
In the following examples, we will also examine the sensitivity of a design to small film-thickness and angle-of-incidence errors and to small wavelength changes. This is done by direct calculation of Pn from Eq. (8) 
where And is the desired retardance. Wavelength sensitivity is computed neglecting the effect of material dispersion over the test range. Thus the wavelength shift AX has the same effect as simultaneous filmthickness errors Adi so that Adi/di = AX/X and i = 1,2,3 for the respective mirror. The design procedure of Sec. II was applied with I pI = 1 and An = +1800 (HWR) at discrete angles of incidence 01 over the full range 450 < 01 < 900. Figures 2  and 3 give the solutions for the normalized film thicknesses t, and {2 plotted vs 01. Table I lists a summary of the HWR design results for two angles of incidence: 80 and 85°. The table gives the normalized film-thickness solution pairs (1,S2) film-thickness periods Dg,1 and D, 2 , the net reflectance a, 9 ( = ps), and the net phase shifts 6pn and bn ex- this range we see four distinct solution pairs (branches A,B,C,D) that achieve HWR for each 0. Figures 2 and 3 are nearly symmetrical with respect to the line p1,2 = 0.5 due to the near symmetry of the constant-angle-of-incidence contours (CAIC) in the complex p plane with respect to the real axis. 2 Table  I Table II gives the magnitude and phase errors generated by thickness errors Ad, = Ad 2 = i1 nm and angle-of-incidence errors AOk, = A0 2 = A0 3 = +0.50. The errors at 85° are higher than those for the 800 designs.
Figures 5 and 6 show that these magnitude and phase errors vary essentially linearly with Aki between +0.50 and with Adi between +1 nm for a specific design (solution B at 01 = 800). Figure 7 shows the magnitude and phase errors that result when the wavelength X scans the range 10 jim < X < 11 jim about the design wavelength X = 10.6 jum for the same solution B at 41 = 800, neglecting the effect of material dispersion. Over this l-,jm wide spectral band, the system operates satisfactorily as a HWR with the magnitude error <1% and phase error <5%. We again assume mirrors that consist of a ZnS film on an Ag substrate at 10.6 jim with the same optical constants given in Sec. III.
The design procedure of Sec. II was applied with p,, I -1 and A,, = 90° (QWR) at discrete angles 01 in the range 450 < 01 < 900. Figures 8 and 9 give the solutions for ¢1 and 2 plotted vs 01. Table III Table III .
B. Pn = -j Quarterwave Retarders (s Fast Axis)
The ZnS-Ag film-substrate system is assumed with optical constants at 10.6 jim given in Sec. III, as before.
The design procedure of Sec. II was applied with In I = 1 and An = -90° (QWR) at discrete angles 01 in the range 450 < 01 < 900. Figures 12 and 13 show the solutions 1i and {2 plotted vs 01. Table V Tables III and V.  Table VI shows the magnitude and phase errors caused by Adi = +1-nm thickness errors and Aoi = +0.50 angle-of-incidence errors. These errors are nearly the same as the corresponding errors shown in Table IV . Again we see a general increase in these errors with 01. And these errors also vary essentially linearly with Adi between +1 nm and with Aoi between +0.50. Figure 15 shows the magnitude and phase errors that result when the wavelength X varies in the range 10 jim < X < 11 jim for solution A at 01 = 750, with material dispersion again neglected. The phase error stays below 15%, and the magnitude error is <1%. Fig. 14. Net intensity reflectances p,, = . 7., associated with the design solution pairs (1, 2) of Figs. 12 and 13. This work was supported by a grant from the State of Louisiana Board of Regents and the Foundation for A Better Louisiana.
V. Summary
In this paper we have described in detail a procedure for the design of three-reflection (three-mirror) filmsubstrate systems with any desired ratio of net complex p and s reflection coefficients, hence any desired transformation of polarization. Examples are given of halfwave and quarterwave retarders that use ZnScoated Ag mirrors at the C0 2 -laser wavelength X = 10.6 jim. The results appear graphically and in tables. The sensitivity to small film-thickness (1-nm) and angleof-incidence (0.50) errors is determined. Also specific designs have been tested for satisfactory operation over the wavelength range 10 Aim • X < 11 jim.
